We review Bohr's reasoning in the Bohr-Einstein debate on the photon box experiment.
I. INTRODUCTION
In various arguments about time, perhaps the most spectacular is the Einstein-Bohr debate on the photon box experiment 1, 2 . Their concern in the debate was Heisenberg's time-energy uncertainty relation. However, Bohr's reasoning reveals, as shown in the following, an uncertainty relation between the proper time and the rest mass of a clock. In fact, his essential point was simply that the very act of weighing a clock, according to general relativity, interferes with the rate of the clock.
In order to review Bohr's reasoning, we consider an experiment in which we measure the rest mass of a clock. We assume, of course, that the clock keeps its own proper time.
Following Einstein's stratagem, we try to weigh the clock by suspending it with a spring.
That is to say, if the spring stretches by the length l, we can calculate the mass m of the clock from the relation
where g is the gravitational acceleration and k is a constant characterizing the spring.
Assume that a scale is fixed to the spring support, and that we read the length l on it with an accuracy ∆q. Then the determination of l involves a minimum latitude ∆p in the momentum of the clock, related to ∆q by the equation ∆q∆p ≈ h. Let t be the time interval in which we read the length l. (We should note that t is measured by a clock other than the suspended clock.) Then we cannot determine the force exerted by the gravitational field on the clock to a finer accuracy than ∆p/t. Therefore we cannot determine the mass m to a finer accuracy than ∆m given by the relation
Now, according to general relativity theory, a clock, when displaced in the direction of the gravitational force by an amount ∆q, changes its rate in such a way that its reading in the course of a time interval t differs by an amount ∆τ given by the relation
By combining (1), (2) and the relation ∆q∆p ≈ h, we see, therefore, that there is an uncertainty
between the rest mass m and the proper time τ of the clock.
The relativistic red-shift formula (2) was, of course, essential in Bohr's reasoning above.
The more essential it seems to be, however, the stronger the apprehension we feel that the uncertainty relation (3) may fail if we can think of a weighing procedure not resorting to any interaction between the clock and the gravitational field. We check one such case in the following.
Assume that the clock has been brought to rest after being charged with an electric charge e, and that a uniform electric field E is then switched on. After a short time t, we measure the distance the clock has moved. (Again t is the time measured by a clock other than our clock in the electric field.) Then we can know the average velocity v of the clock by dividing the distance by the value of t, and we can determine the mass m of the clock by virtue of the
Assume that the determination of the distance is made with a given accuracy ∆q. Then it implies a minimum latitude ∆p in the momentum of the clock, where ∆q∆p ≈ h. Hence we cannot determine the force exerted by the electric field on the clock to a finer accuracy than ∆p/t. Therefore, even when the velocity v is obtained, we cannot determine the mass m to a finer accuracy than ∆m given by the relation
Now, according to special relativity theory, when a clock has a speed v, its rate τ in the course of a time interval t is given by the relation
On the other hand, the average velocity v has an uncertainty ∆v given by the relation t∆v ≈ ∆q.
Correspondingly, the clock has an uncertainty in its rate τ of the order ∆τ given by
By combining (4), (6) Thus the uncertainty relation (3) has been confirmed for a weighing procedure which does not rely on any gravitational interaction. Moreover, in this case, the time-shift formula (5) played an essential role in place of the relativistic red-shift formula.
Each of these formulae is, of course, one of the deepest and most important results in relativistic theory. The fact that these important formulae play essential roles in deriving the uncertainty relation (3) lends some confidence as to its universality.
The objective of this article is to show the following: The uncertainty relation (3) can be derived satisfactorily only if we describe the system of the clock by using a Lagrangian which includes the proper time as a dynamic variable.
In the next section, selecting the simplest Lagrangian which is in accord with the above approach, we examine the Hamiltonian formalism of the clock. Our conclusion is that the rest energy can be considered the momentum conjugate to the proper time. In the third section, following Dirac's procedure, we quantize the system of the clock, and we obtain the same uncertainty relation as (3). Some comments then follow on our quantization.
II. LAGRANGIAN AND HAMILTONIAN FORMALISM
A gravitational field g µν and an electromagnetic field A µ are assumed to be given, and we consider our clock to be one material particle moving in those fields with electric charge e.
The Lagrangian which is generally used in such a case is the following:
where x µ (µ = 0, 1, 2, 3) are the variables and the dot denotes the differential with respect to an arbitrary parameter λ. It goes without saying that m is the rest mass of the clock and that c is the speed of light.
We, however, cannot consider the proper time τ a physical quantity if we describe the system by using the Lagrangian L 0 . On the other hand, it is clear that the proper time of a clock is a measurable physical quantity. (It is why a clock is so named.) Hence we have to find another Lagrangian which is in accord with the system of the clock.
Our first purpose in this section is to find a Lagrangian L which satisfies the following conditions:
1. The Lagrangian L has the proper time τ as a new variable in addition to x µ .
2. The motion equations for the variables x µ are invariant between L and L 0 .
As a candidate we consider the Lagrangian defined by
where the dynamic variables are τ, M and x µ .
The Lagrange's equations of motion are as follows:
The second equation (8) means that we can identify the variable τ with the proper time of this clock. Moreover we have dτ /dλ > 0, and therefore it is possible to change the differential with respect to λ to one with respect to τ in the third equation (9) . As a result we find that
where the dot denotes the differential with respect to τ . Rewriting this equation, we get
where Γ ρ µν and f µν are defined by
On the other hand, the motion equation derived from the original Lagrangian L 0 is
Equation (10) is just the same as equation (11) if we identify M with the constant mc 2 . Equation (7) indicates that this identification is possible.
Thus our first purpose has been achieved. Moreover, this Lagrangian L is the simplest of those which satisfy the above two conditions.
The second purpose in this section is to investigate, by using the Lagrangian L, the consequences of our assertion that the proper time should be considered a dynamic variable.
We note that it is possible to propose an argument without imposing any limitation on the fields g µν and A µ . In such an argument, however, we have to handle the coordinate time x 0 = ct as a dynamic variable, and then determine certain constraint conditions for the variables. Discussion of such constraints is not essential for our purpose. We therefore assume for simplicity hereafter that the fields g µν and A µ are so-called static in the following sense:
1. The functions g µν and A µ depend on only
2. For i = 1, 2, 3, we have g i0 (= g 0i ) = 0.
Assuming the above conditions, we get
where f is defined by g 00 = −f 2 (f > 0). The dynamic variables are τ, M, x i (i = 1, 2, 3), and the dot denotes the differential with respect to t.
The momentums conjugate to those variables are given by
We have
If M is replaced by mc 2 , then H 0 is identical with the Hamiltonian which is derived from the original Lagrangian L 0 . In our case, however, there exist two constraints:
Taking account of these constraints, we have to consider the total Hamiltonian
where u 1 and u 2 are Lagrange's undetermined multipliers.
The multipliers u 1 and u 2 are determined in the following manner 3 : Poisson's bracket of φ 1 and φ 2 is
and therefore we haveφ
, where the symbol "≈" denotes the weak equality defined by the constraints φ 1 = φ 2 = 0.
Hence, the consistency conditionsφ
require the multipliers u 1 and u 2 to be
and u 2 = 0, which give
Hamilton's canonical equations of motion are as follows:
we can write Dirac's bracket:
{A,
We can easily calculate Dirac's brackets between the canonical variables:
We are now in a position to be able to state our conclusions in this section.
It is easily shown that
are canonical variables, and therefore the variables T, E, x i , p i (i = 1, 2, 3) can be interpreted as canonical variables on the submanifold defined by the constraints φ 1 = φ 2 = 0. We can show also that
on the submanifold.
Since we have that
on the submanifold defined by φ 1 = φ 2 = 0, it follows from the above that the rest energy mc 2 is considered the momentum conjugate to the proper time τ .
III. QUANTIZATION AND DISCUSSIONS
Thus we have arrived at the following conclusion: If we accept the view that we should describe a clock by using a Lagrangian which includes the proper time as a dynamic variable like the positions x i , then we find that the rest energy E = mc 2 turns out to be the general momentum conjugate to the proper time, and that τ, E, x i and p i are canonical variables of the system.
Since τ, E, x i , p i are the canonical variables, if we quantize the system by Dirac's procedure, there are corresponding operatorŝ
which satisfy the commutation relations
The relation [τ,Ê] = ih in (13) leads us to the uncertainty relation
which was argued in the Introduction to this article.
Our quantization leads to some desirable results besides the uncertainty relation (14), but at the same time gives rise to some problems.
First, we should make some comment on the problems. In our quantization, the opera- The problems of the continuous mass spectrum and of the negative mass are inevitable in our formulation. The authors cannot, at present, judge whether these characteristics are desirable or not. These problems will be discussed in a subsequent paper from a rather different viewpoint.
Secondly, we focus our attention on some positive aspects of our quantization. We restrict ourselves, for simplicity, to the case in which the space-time metric is flat and A µ = 0. Then the Hamiltonian in (12) is rather simple and the Hamiltonian operator has the form
(We omit, hereafter, the hats representing the operators since there is no possibility of misunderstanding.)
For the Heisenberg representation of the operator τ
by virtue of
Hence we have
We note that the last term of (15) is the operator which represents the time delay of the moving clock.
We can moreover show that
On the other hand, the term [E, τ ] + − 2 E τ in (18) often vanishes, as it does in the case of all optimal simultaneous measurements of E and τ . (We can easily check it by setting, for example, τ = ih∂/∂E and ψ = a Gaussian function of E.) Taking this cancellation into account, we neglect the second term in (17).
Thus we have arrived at
and, by virtue of the inequality
we finally have
where we have used the uncertainty relation ∆τ ∆E ≥h/2 of (14).
When the motion of the clock is so slow that the value of E is approximately equal to mc 2 , then our inequality (19) has the form In conclusion, we should make some comment on the meaning of our results to physics.
Bohr and Rosenfeld stressed the principle that every proper theory should provide in and by itself its own means for defining the quantities with which it deals. One of the key points this principle makes is that we should analyze the means of measuring those quantities in order to argue the consistency of a physical theory. In their case, they succeeded in showing that the definition of the standard quantization of electromagnetic field is consistent in the above sense by discussing the means of measuring the classical electromagnetic field 5, 6 .
Several authors have applied this principle to the theory of relativity to find a consistent quantization of the space-time geometry. The theory deals with such quantities as the metric tensor, the curvature tensor, the covariant derivative and connection coefficients. The measurement of the distance between two events is most fundamental in the procedures by which we measure these quantities. For this we require the concept of a clock 7, 10 , and the clock cannot be independent of the various physical laws. Thus, if the above principle should be a general feature of physical theory, a consistent formulation of the quantization of the space-time geometry should have some inherent relation with various limitations on the accuracy of the clock resulting from the physical laws.
Various gedanken experiments on such limitations have been proposed and elaborated on for some fifty years 4,7−16 . In many of them, however, the clock is assumed to have some structure, from which starting point the argument is developed. It seems uncertain therefore whether their results are universal or not. Moreover, different studies sometimes reach different conclusions.
Our objective in the present paper was to propose an attempt to dispose of this ambiguity. We showed the following : (a) There is an uncertainty relation between the proper time and the rest mass of a clock independent of its structure (see Eq. (3)). (b) A limitation on the accuracy of the clock is derived from the uncertainty relation in a natural way (see Eqs. (19) and (20)).
The subject raised here has been argued, despite its importance, only at the level of thought experiments. The authors are uneasy with this situation, and think that the time has come to argue it at a more positive level. We hope that the importance of this subject is recognized and that, for example, the relation (20) is verified by experiment in the near future.
